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Dynamic bifurcationsin slow-fast system of neuronal excitability
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Summary The mechanisms of spike oscillation generatiah suppression in the model of neural excitabilitthvihe slowly varying
synaptic current are investigated. It was estaddighat the times of occurrence and disappearanoscitlations are determined by
dynamic bifurcations and nonlocal threshold praesif two-dimensional invariant surface of theciadrajectory
When studying the dynamics of nonautonomous systeithsslowly varying parameters, one of the basabems
involves the analysis of the mechanisms underlyirg transitions between different regimes of agtivicven an
arbitrarily small “drift” of control parameter magubstantially change system response charactserisiimpared with
guasistatic parameter variation. So for exampldrénesition from rest state to oscillation mode roagur with either
significant delay or substantial advance in congmariwith critical value obtained by classical bifation analysis
[1]. To understand the mechanisms of such behawiershould use the theory of so-called dynamiatéfions, i.e.,
the bifurcations caused by slow time variationgamtrol parameters [2-4]. Under dynamic bifurcasidghe phase-
space structure of the system changes continuaustly transient dynamics is determined by the prazemf
invariant manifolds.
The recent interest in the effects of slowly vagyicontrol parameters arises in neuroscience. Tinsiderable
attention to neural systems is due to the fact tthatformation of various spatiotemporal structusésctivity and
switching between them form the basis for perceptianalysis and information processing in the brdihe
interaction between individual neurons occurs \pacgl contacts (synapses). In many natural exgerisnthe
synaptic currents were slowly varying compared \li period of inherent oscillations in neurons.
Here we report the transient dynamics in the motleeural activity under the influence of slow sptia current [6-
8]. We reveal the mechanisms of generation andrsspjpn of spike sequences (the action potenti&sjein a
neuron We study nonlocal oscillation phenomena yatadhic bifurcations and properties of complex dyitam
thresholds of neural excitability.
M odel
Here we employ the nonautonomous model of neundmgfi The model dynamics is described by modifie-F
Hugh-Nagumo model that takes into account nonlicbaracter of ionic recovery currents
u= f(u)-v+lg)),
. (u) syn(D) 1)
v=g(g(w) - v)
wheref(u) = yu—u%3 is the nonlinear cubic function, the functigfu) has piece-wise linear form given bfu) = au,
for u< 0 andg(u) = Bu, for u > 0, 15,(t) is the time-varying synaptic current.
In equation (1) the variable describes membrane potential dynamics, while #réaklev defines membrane ion
currents common features. The positive parametifines ion currents rate of change, the posjiameters:,

andy describe ion currents nonlinear properties.
We consider the case when the synaptic currenides! both fast and slow components:

Isyn(t) = l fast(t) + lslow(t)' (2)
The fast component of the synaptic current haddira of a short strong pulse whose duration is mesk than the
average duration of a single spike. The slow corapbof the synaptic current smoothly changes tipoldeization

level of the neural membrane on the times comparabbr greater than a single action potential.
We approximate the fast synaptic current incominfp@ moment = t, by the delta-function:

| ee(t) = AS(t - 1), 3)
where the modulus of the paramefgrdefines the amplitude of the pulse and its sgm{4) defines the type of the

pulse (excitatory or inhibitory).
We approximate the slow synaptic current by thevlslanonotonically increasing function

los if t<t,,
Islow(t) = I0 +,U(t _tO)’ lf tO Sts-l—slow-i-tO' (4)
[ if t>Tg,, + -

wherely andl,, defines the depolarization level of the nerve membrbefore the activation and after the deactimatio
of the synaptic current respectively, Quf<<1 determines the rate of increase of the synaptient andlgoy = (I, —
lo)/u is the time of the action of the synaptic curtente neuron.

Phase space analysis

Let us fix the parameters B, ¢, andy by constants, while the paramelgis considered as a control parameter. In
this case, depending on the value of the paranigteaystem (1) may have one to three equilibriumestaEor

0<l,< IOSN, there exist three equilibrium states in the spst®,, O,, andOs. The equilibrium stat®, is a saddle
point, while O, andO; are nodes or foci, which can be stable or unstdéfeending on the value &f The saddle-
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node bifurcation of the equilibrium stat®s andO; occurs forl, = 0, while for | | = IOSN the same is observed for the

equilibrium state$d; andO,. For |, = |g , the cycleC® andC” merge, form a two-fold limit cycle, and disappear

(the tangent bifurcation of the limit cycles). Ahet bifurcation, which is undergone by the cy€f& occurs for
I, = IOHl when it appears from a large loop of the sepaegrof the saddl®,, which is formed by the separatrices

V\/lS anszU with increasing parametéy. The cycleC® appears with decreasing paramégdor I, = I(fz as a result

of the supercritical Andronov—Hopf bifurcation dietequilibrium stat®;. The appearance and disappearance of the
cycleCV are also related to the bifurcations of the saddfsaratrix loop and the loss of the equilibriumtesistability.

The cycleC' is originated with increasing parametgifor I, = I(;“ from a small separatrix loop that is formed by
the separatrice‘ﬂ!\llS andV\/lU and disappears for, = I(fl, as a result of the subcritical Andronov—Hopf bifation.
Note thatO< I < I <1/ <1 <IN <1/2.

Let's now consider the case when fast componeslyoéptic current (2) is absent and the neurongIpfiuenced
only by the slow component. For small enough rétesji| << 1 of current variation the perturbation of trextor
field of the model (1) is rather weak in comparisdth the autonomous cage= 0. As the result of such perturbation
the so called genuine invariant manifolds flake fooitn the invariant manifolds of the autonomougays The basic
properties of the genuine invariant manifolds aedl @escribed by Fenichel’'s geometric singular yrdration theory
[5]. However this theory becomes inapplicable iroteases. First, when the system undergoes bifarcatnd,
second, when the motion time on the invariant-nwaifs very long. For example, the imaging-pointtime along
the separatrix of the saddle equilibrium state,uoedor an infinitely long time. In this case, thecally small
perturbations of the vector field are accumulatiesh@ the phase trajectories, which, in turn, catiaite significant
variations in the forms and location of the invatimanifolds with respect to each other.

Generation of spike oscillations

Suppose that (1) is stimulated only with the slawnponent of increasing synaptic curreit£0 andp>0). Let at

the initial time the model is in the rest statg I(fl). For this case the dynamic mechanism of the spétesration

is found to be based both on the dynamic AndronampfHbifurcation and on the nonlocal oscillation jpedties in
whose formation an important role is played bylibhavior of the stable separatrix surfaces of élgelie manifold in
the phase space. It is shown that the spike-oiaill@appearance is uniquely determined by the dejzaltion level at
the initial time (memory effect) and occurs witlettime delay compared with the quasistatic casthefcurrent
increase (delay effect). It is found that to fi tspike-oscillation appearance time, one sholde itato account not
only the time of slow oscillation phase in the dipuum-state neighborhood, but also the time whishmainly
determined by the nonlocal properties of the sohgiof the “fast” equations of the model.

Spike oscillation suppression

Let (1) is stimulated only with the slow componehtdecreasing synaptic curremtd=0 andu<0). Suppose that the
model is on the spike oscillation modkg, > |g). In this case decreasing synaptic currgrj induces slow passage

through the saddle-node bifurcation of the cyckas. this dynamic bifurcation of the cycles, theb#aand unstable
invariant manifolds neither merge nor disappeas adbserved in the classical theory of bifurcatjdng continue to
exist separately even after the passage throughktdiie bifurcation value. It has been found tlwational motions
on the stable invariant manifold, which correspémdhe stable oscillation-generation regime, camimo exist for

some finite time even after passage through therdafion point, i.e., they disappear with a certaime delay.

Depending on the control-parameter variation ridwe 0scillation-disappearance delay time can bg hegrg and it is

determined by the threshold properties of the s#parsurface of the saddle trajectory.

Complex dynamic thresholds

Suppose (1) is influenced both by the fast andhleystow components of the synaptic current. Wehgemodel is in

excitable mode , < IJ). Then the features of the neuron response aegrdieted by the properties of the complex

dynamic threshold of neuron excitability. The stune of the dynamic threshold appearing in the esystannot
directly be reconstructed from the static-threshsidicture on the assumption of a quasistatic tranaof the
synaptic current. It has been established thatatreation of folds on the threshold manifold whosk is played by
the separatrix invariant manifold of the saddlgettory is a typical feature of the complex dynathieshold.
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