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Summary. This paper presents an interaction analysis of a generalised nonlinear isolator-elastic beam coupling system. In this system,
an elastic beam-like structure is supported by a geometrically nonlinear suspension system of which a horizontal degree is introduced
to provide a physical means for realizing the required horizontal force in some reported nonlinear isolation systems. The generalised
dynamic equations of the interaction system are derived; in which three reduced models are obtained by introducing the related
conditions into the generalised model. The nonlinear dynamic behavior on equilibria and stabilities of the system are investigated,
and the dynamic interaction mechanism of the system is revealed. Following the mathematical analysis of the system, two examples
illustrating applications of the developed theory are discussed. One simulates ground vibration tests of aircrafts, which requires an
extreme low supporting frequency. Another involves structure dynamic tests in laboratories, where a rigid supporting foundation is
expected. The investigated system can provide extremely low or high supporting stiffness and frequencies to satisfy special
requirements for high precision vibration isolations.

Introduction

High performance vibration suspension systems with a very low or a very high stiffness are widely required in
engineering applications. For ground vibration tests (GVT) of full scale aircrafts, the suspension frequency of the
assumed rigid aircraft on the supporting system must be lower than one third of its first elastic natural frequency for
accurate aircraft’s flutter analysis. The weight of a large aircraft is very huge but its first elastic natural frequency is
quite low so that the stiffness of the supporting system must have a big static stiffness to support the large weight and
also a very low dynamic stiffness to have a very low supporting frequency [1-2]. The low supporting frequency is also
a fundamental standard for effective vibration isolations [3-4] of high precision optical instruments used in space, such
as for gravitational wave detection [5]. On the other hand, dynamic tests of structures in laboratories are often expected
to be fixed on a rigid foundation, so that the stiffness of supporting system must be extremely high, otherwise, the
foundation could not be considered as rigid. As we have learnt, an extremely “rigid” foundation for static tests could
be very soft for dynamic tests with high frequencies. To design these supporting systems with particular performance,
one approach is to adopt active feedback controls in a passive system [6-7]. This method requires an energy supply for
the control system, which sometimes is difficult if the required energy is huge. Another one is to use nonlinear springs
with a variable dynamic stiffness. For GVT of aircrafts, a nonlinear supporting system was proposed [1-2] to obtain a
very low supporting frequency. The detailed investigations on designs, practical techniques and performance of
nonlinear isolation systems were reported quite late, see, for example, references [8-14]. Moreover, nonlinear dynamical
behavior on stabilities, bifurcations and chaos of this type of nonlinear isolation systems were not reported before recent
publications [15-17]. While reading available publications on nonlinear isolation systems, we have noted that there are
no publications involving integrated analysis on nonlinear isolator-structure interactions. As discussed for the analysis
of structure-control interactions [18], the dynamic characteristics of both structures and control system are found to
affect each other. Therefore, to assess the efficiency of a nonlinear isolation system, it is necessary to consider
interactions. This paper intends to develop an integrated interaction analysis of a generalised nonlinear isolator-
structures coupling system covering some reported systems by choosing its suitable parameters. This system introduces
a horizontal degree physically to realise the required horizontal forces in [9] and [17]. Following a mathematical
analysis of the system to develop the general theories on its equilibria, stabilities and small vibrations about each
equilibrium point [19-21] and to reveal their interaction mechanism, two practical applications are studied. One
simulates GVT of aircrafts to design a suspension system with a very low supporting frequency and another considers
structure dynamic tests in laboratories, for which a rigid supporting foundation is expected.

Mathematical model of an integrated nonlinear isolator-beam interaction system

Fig. 1 shows the integrated system in which an elastic beam is supported by a generalised nonlinear suspension unit.
The beam is uniform and subjected to two harmonic forces F, cosQ,t applied symmetrically at point &;in a coordinate
system O — &y fixed at the middle point O of beam. There is a lumped mass 2M connected at point O by a rigid rod
with its mass into 2M . The beam is of span length 2S, mass density o per unit length and bending stiffness ¥ =El .
The deflection Y (&,t) of beam is a function of its material point & and timet . The mass 2M is supported by a generalised
nonlinear suspension system symmetrical to the vertical axis o—y, and therefore it moves in the y direction only. The
top ends of two linear inclined massless springs of stiffness k and non-stretched length | are connected to the mass 2M
and their other two ends are respectively connected to two carts A and B of mass m allowing horizontal motions. There
are two horizontal massless springs of stiffness K, with non-stretched length L,and two dampers of damping
coefficient C, respectively connected to carts A and B positioning at x . Along the symmetrical axiso-y, a spring-
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damper set, consisting of a spring with stiffness 2K and its non-stretched length L with a damper of damping coefficient
2C, is connected to mass 2M . The model shown in Fig. 1 is a generalised model of structure-nonlinear isolator
interaction system for practical designs in engineering. The horizontal spring-damper unit (K,,C,) aims to provide a
means for the two horizontal forces added at the two carts in order to adjust the vertical dynamic stiffness of the total
system. A suitable adjustment of the initial length L, of the spring K, results in a pull or push force applied at two carts
A and B, which increases or decreases the vertical supporting stiffness of the system, respectively. The vertical spring-
damper unit (K,C) supports the static weight of the mass 2M and the structure. The two spring-damper units (k,c) are
the main elements with geometric nonlinear characteristics to adjust the dynamic supporting stiffness. The dampers in
the system provide the adjusted parameters for the stability requirement of the system. Based on this generalised model,
several simplified models [9, 15-17] can be obtained by introducing additional conditions or reducing some elements.
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Fig. 1 The integrated nonlinear isolator-elastic beam interaction system

Governing equations of integrated interaction system
Considering the symmetry of system, we investigate its right half-part to derive the governing equations. It would be
convenient to choose the origin o of coordinate system o—xy and the origin O of beam coordinate system O — &
respectively located at their corresponding positions in a static equilibrium state, when the mass 2M and the two inclined
springs k are on the horizontal axis o-x with mass m atx,. To realise this, we can choose a suitable extension
A =Y, — L of the vertical spring K by investigating the static equilibrium of the system subject to the gravity only, i.e.
KA=—g(M+8), A=-g(M+8)/K, (K, +k)x, =kl =KA,, A =X,-L. (1.2)
Under these two reference coordinate systems, the gravity will be excluded in the governing equations and the variables
yand Y (&,t) represent the dynamic displacement of the mass 2M and the dynamic deflection of the beam relative to
the static state, respectively. Obviously, at point £ =0, the function Y (0,t) = y(t) is the vertical displacement of the
lumped mass, due to rigid connection between them. In addition, the symmetrical conditions at point & = 0 of the beam
require the shearing force and the rotation angle to be vanished at £ = 0. Now, using the Newton’s second law in

association with the beam theory to investigate the dynamic equilibrium of beam, mass 2M and cart B, we derive the
following governing equations.

Dynamic equilibrium equation and boundary conditions of beam structure
WY M 4 pY = 5(E-&,)F,c0sQt; Y'=0=Y", £=S; Y'=0, ¥Y"=f,, £=0. (1.2)
Here, ()'=20/0&, ()=a()/a, etc., f,, represents a dynamic shearing force acting on the beam section & =0 by the

rigid rod, and 5() denotes the Delta function. The beam is a linear elastic structure, so that its motion can be

represented using a mode superposition method [22]. In engineering, there are many nonlinear systems consisting of
linear substructures connected by non-linear connectors, for which the mode superposition approach provides a very
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effective numerical model to formulate the motions of linear substructures [23]. The author has successfully and
effectively used this approach to deal with numerical analysis for complex linear [18, 24-28] and nonlinear [29-32]
dynamic systems involving fluid-structure interactions, control-vibration couplings, airplane landing impacts on VLFS,
etc. This method is adopted to describe the beam motion. The deflection Y (&,t) of the beam is represented by a mode
summation form

YED=YE@er), Y=[, Y, - Y] ®@=[s ¢4 - 4], (1.3)
Y. (S) =%{COSCT$§/S) + cosc(ij/S)}’ tanA, +tanh A, =0, n=123,--.

based on the non-dimensional symmetrical mode functionsY, (¢) , (n=12,.., N), of the uniform free-free beam. Here,
N denotes a number of the retained mode functions Y, (£) and ¢, represents a generalised coordinate corresponding to
mode n. These mode functions satisfy the following orthogonal relationships,

[YEIY/dE = 0. n=m Y, pY, d& = 0. n=m,
0 ' n m - Knn, n= 0 np m - Mnn, n=m,
0 n=1 (1.4)
pS, n=1 ! 1 . 2 [y
M., = K,, =1 4% O =JK /M =X
" {p5/4, n;tl, nn 4"—53’ n=1l, n nn/ nn Sz P

The sub-index n indicates the mode number of the free-free beam, Q_, K, and M, represent the n-th natural frequency,

generalised stiffness and mass, respectively. For the free-free beam, its first mode is a rigid mode with frequency f)l =0
and mode function'Y, =1. To distinguish this rigid mode with the elastic modes of the beam, a subscript “e” will be used
to denote the related variables of the elastic modes, if this clarification is necessary in the following description. For
examples, we can write Y=[1 Y,] ®= [¢1 @, ]T ,etc. Substituting Eq.1.3 into Eq.1.2 and using the orthogonal
relationships Eq.1.4, we obtain the following mode equation describing the beam motion

md+k® =Y (0)f, + Y (£)F,cosQt, m=diag(M, ), k=diag(K,)  A?=diag(C?). (1.5)

Dynamic equilibrium equations of the nonlinear supporting unit

K,A
MX+(C+CC)X+(K+KK)X:{ fl 1}, (1.6)
sh
0 C, © K,+k 0
M= =T T e =S, k=T K, =Ky
0 M 0 C P 0  K+k u (1.7)

x=[x y]', A =X, -L, u=x"+y?.
Here, A, represents the static extension of horizontal spring K, in the static state defined by Eq.1.1. The force f,
denotes the reaction force from the beam to the lumped mass 2M .

Interaction conditions between the beam structure and the nonlinear suspension unit
On the interaction section ¢& =0 between the beam and the nonlinear suspension unit, a dynamic equilibrium condition
and a geometrical constraint condition are required, i.e.

Equilibrium: fo+ f, =0, —f=f, =", (1.8)
Geometrical constrain: Y (0, 1) = y(b). (1.9)

By using Eq.1.3, this can be written in the mode form:
Y, @ =Y, Y, =Y(0). (1.10)

Non-dimensional dynamic equations
Equations 1.1-1.10 give the governing equations describing the dynamics of the integrated interaction system. To derive
the non-dimensional equations of system, we introduce the following non-dimensional parameters,
X=x/1, X, =%, 11, y=y/l, A, =A /1, A=A/l, T=Q;t, Y =Y/I, E=£&/1, S=5/I,
o=Jk+K)/m, @=0/Q, E =C I/2mw), M=m/M, p=pIM, o=\0?+a?,
o, =Jkim, o, =K Im, &, =09, =010, & =00 &=0lo,
K, = K, I(k+ K,),_ K, =MK,@° = K, [(MQ}), K =KkQ* =mk,a* =kI(MO3), (1.11)
k, =k/l(k+K,), ke =k/(k+K), ¢,=c/C,, ¢, =c/C, ¢ =c,EQ=mc,E o =c/(2MQ,),
Q=J(k+K)/M, Q=0Q/Q,, E=C/(2MQ), §=g/(Q), Q=,/Q%+Q2,
Q, =JkIM, @, =JKIM, Q,=0,/Q, O, =0Q,/Q;, O, =0Q,/Q, Q,=0Q,/Q,
F=F /(MQ§|),

—h

L =KA, f=f,/(MQI), M=m/M, ®=d/1, A*=A%/Q}.

Dynamic equilibrium equation and boundary conditions of beam structure
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mM®+MA’® =Rf+F,, R=[0 —Y]] F, =Y[Fcosf, Y, =Y(&,) Y,®=7. (1.12)

Dynamic equilibrium equations of the nonlinear supporting unit
Mg+ 2[MaE +£(q)]q + [Mo? + k(q) +k,(q)lq = f, (1.13)

weln O s-[2 2] e o ofa 3 ulp o) 0o} 019

z Kk - Jo f _
&(q) = —qq", k(@) =-—1, f:H, k(@) =——*1,, Z=49'q.
u a f a,

Here, £(g) andk(q) represent the nonlinear damping matrix and the nonlinear stiffness matrix of the system,
respectively.

Integrated coupling matrix equation
Combining Egs. 1.12 and 1.13, we obtain the integrated coupling equation of system in the matrix from

MQ+(C"+C")Q+ (K- +K")Q=F,, (1.15)

q, e m 0" 1 0 ~ 0 N .
Q‘H’ 1=TQ M {0 \7+m}’ T{o YJ' R ‘M’ ¢ =areaT (L.16)
C' =2T"MwET, K" ={diag(0,MA?)+ T ' Mo T}, K" = TT[k(q)+k,(@)]T.
The total degree of freedom of this system is 1+N where N is the mode number chosen to describe the beam motion.
We can rewrite Eq.1.15 in the phase space form

{Q"f__ NPT (1.17)
P=M*F, - (C" +C")P—(K" +K")Q}

Here, super-indices “L” and “N” identify the linear and nonlinear parts of matrices, respectively. The coupling matrix

Eq.1.15 or 1.17 describes the dynamics of integrated interaction system. Based on these, we can investigate the coupling
mechanism between the elastic beam and the nonlinear isolator and energy flow characteristics of system [33-34].

Interaction analysis
Equilibrium points
The static equilibrium points Q, =[q10 E)OTand D, :[q20 OT]Tof the system can be derived from Eq. 1.15 by
vanishing velocity Q , accelerations Q and external force F, of the system, that is

(maz_g/ﬁo_ﬁ/qlo)%ozol ﬁo=vq120+Q2201 771=COS‘9=Q1o/ﬁo’ 772=Sin3=q20//70,

I\711 0 0 _O 1 Y20 Yy LY
9 M'zz 0 sz n (52 _ |Z/,L_10) Y:zo Yzzo YZO:YNO O -0. (2-1)
0 0 MNN érzu Yo YnoYzo YNzo 0

Table 1. The equilibrium points (5 =1,2,3,4) of the system

5 Horizontal coordinate Vertical coordinate —»

i 7 0%y 7 &
1 (f, +K) (@) =k + KA, +1 0 0 q =k, +K,A,
2 | —(f+k)(F@?) = —(k + KA,) -1 0 0 ~q® =k, + KA,
3 { (mE -G WIES | | g | WA K10 =k,
4 fma:® -0°) R A I e I KID =K,

Here, —7z/2<9<7x/2 represents the angle ZoBM between o0-x axis and the right inclined spring. A positive value
d,, >0 or n, >0 implies the equilibrium point locates on the positive 0-y axis. This set of equations is nonlinear. In
general, an iteration approach is required to obtain its solution. However, as given in Eq.1.1, we have chosen the origin
of reference system o—xy at its static equilibrium position with q,, = X,and q,, = 0, which gives the equilibrium point

(1). For the case of g,, = 0 , the second equation in Eq.2.1 requires Q> —k / z, = 0, which is then substituted into the first

equation in Eq. 2.1 to give the values of (;,. Table 1 lists the equilibrium points of the system. Physically, at an
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equilibrium point (g), the mass M and m are located at point q{%’ on the vertical axis and pointq{’ on the horizontal

axis, respectively, while the beam is in its static deformation state with its middle point O follows the mass M locating
at a corresponding position. The value of (r,,7,) defines an equilibrium point as well as the corresponding parameters
of the system. For example, 7, =0 gives points (1) and (2) while 7, =0 defines points (3) and (4). To derive the
equations which reveal the influence of the beam motions on the nonlinear suspension unit or vice versa, we can
separately investigate the governing equation of the nonlinear unit or the beam which incorporates the effect of the
other side, i.e. the beam or the nonlinear unit. The interaction conditions in Egs.1.8-1.10 provide a bridge to obtain
these equations as follows.

Equation governing the influence of beam motions on nonlinear suspension unit
Added parameters: From Eq.1.12, it follows that

0, y=0

0, g0 Y=Y]Y,=Y". (2.2)

B\, yzzaTVE):{

Therefore, the symmetrical matrix Y is definitely positive and its inverse matrix exists, so that from Eq.2.2 we obtain

=YYy (2.3
Substituting Eq. 2.3 into Eq. 1.12, we obtain
mY 'Y,y +MAZY Y]y =Y. f + Y] F, cosf, (2.4)
which, when pre-multiplied by Y, , gives
Y, MY Y]y + Y,MAYY Y]y =Y, Y] f +Y,Y]F,cost. (2.5)
For the free-free beam, it is not possible that the all modes Y, (0) =0, (n =12,.., N) , S0 that the real number
a, =Y,Y] = n%lvf 0)#0, (2.6)
and therefore from Eq.2.5 we derive the interaction force f
f=—my—ky+fFcost, m =YmY?Y /e, k =Y,MAYY]/a,, f, =YY /a). .7)
Replacing the interaction force f in Eq. 1.13 by Eq.2.7, we derive
(M +m,)d + 2[MoE +&(@)]§ +{k, +[Mo’ +k(a) +k, (@)1} =f,, 2.8)

m, =diag(0, m,),  k, =diag(0,k,), f,=[0 f,] F,cost.

Added mass, m, "

0.1 L L L 0.6 L L
1 2 3 4 5 1 2 3 4 3
Retained mode number, ¥ Retained mode number, v

Fig. 2 the added mass and force factor affected by the retained modes
Here, m, and k, represent an additional dynamic mass and stiffness, respectively, which are added to the nonlinear

suspension system by the beam due to their dynamic interactions. f, defines a force factor at which the excitation force

added to the lumped mass. Equation 2.8 provides a means to investigate the nonlinear support interacting with the
elastic beam, when designing it to support a structure. The values of these added parameters depend on the retained
mode number of the beam. For example, when only rigid mode Y, =1is retained, N =1in Eq.1.3 and therefore we have

m=m,=p5, a,=1, m=p5 k=0 f =1 (2.9)
Physically, m, in Eq. 2.9 is the total mass of the beam. Since the beam is considered rigid and there is no elastic
deformation, the added stiffness k, =0, and the force factor f, =1. Fig. 2 shows the added mass and force factor affected
by the number N =1~ 50f retained modes.

Nonlinear stiffness force and potential energy: The two components of stiffness forces are
Fe ={k, +[M®’ +k(q) + Kk, (@)]}q, (2.10)
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of which the horizontal component is not affected by the beam motion while the vertical component is affected by the
additional added stiffness of the beam onto the nonlinear supporting unit. We choose the static position q, =[q,, O]
which satisfies Eq.1.1 as a zero point of the potential energy, that is

Mg, ]=maqf, —kay, - f,0,0 = 0. (2.11)
The potential energy at position q of the system is given by

1 —_ 1,47 _ -
Mg]=J¢ do'F, = [EqT (k, +Mo*)ql;, - k@' a)*'*d(q"a) - (g, — a,)
1. — - = P 1. — = :
= E[m wz(qlz - q120) + quzz + kquz] -k(q'q)""? + Ky — figy + .00 = E[m wz(qf + q120) + quzz + kquz] —ky q12 + ‘qz2 - f0,.
In this equation, the term k,q? /2 represents the elastic energy of the beam, which vanishes if only the beam rigid mode

is retained. For the equilibrium point (1), Fig. 3 shows the vertical components of the nonlinear stiffness force and the
potential energy of the system as the functions of q= [ql qz]T and the added stiffness.

(2.12)

Vertical component of stifiness force as a function of q for kb=67.653 Potential energy as a function of q at kb=3.0787 e-+04 with q10(1)

\ertical companent of stifinese force as a function of q for kb=0

2

Fig.3 Ve}tical nonlinear stiffness force and potential energy for equilibrium point (1) affected by the two beam modes.

Kinetic energy: The kinetic energy at position of the system is by

1.;,— I .
Tla]=5a"(M-+m, ) =~ [ma; +@+m,)e;]. (2.13)
The total mechanical energy of undammed system in a solution is a constant, so that we
T[a]+1[g]=cC. (2.14)

Equation governing the influence of nonlinear suspension unit on beam motions
Combining Egs. 1.12 and 1.13 and eliminating the interaction force vector f , we obtain
(M+m)®+c,®+[MA® +k,]® =c,,G, + F,, (2.15)

m, =Y, k, =Q*A-k/g)Y, c, =2(EQ+&q2/z*)Y, c,, =-2&9,9,/z°Y], (2.16)
This matrix equation describes the beam dynamics influenced by the nonlinear suspension unit. Here, m, k,, ¢, and
c,, denote an additional mass, stiffness and damping matrix added to the beam by the nonlinear suspension unit,
respectively. Due to these added parameters, the dynamic behavior of the beam is as follows.

(i) The linear beam system now behaves nonlinearly due to nonlinear stiffness k, and damping c,, andc,, .

(if) The couplings between the normalized mode coordinates of beam are generated by the additional mass,
stiffness and damping matrices.
(iif) The natural frequencies of the beam about an equilibrium point are affected, which will be discussed later.

Stability and frequencies of small vibrations about equilibrium points

Designs of suspension systems concern two important requirements: 1) the designed system has a stable static
equilibrium position in its working environments; 2) the system has a particular required dynamic stiffness, very high
or very low, measured by the supporting frequency of small vibrations of the system about the static equilibrium point.
To reveal these characteristics, we must investigate the behavior about each equilibrium point. To this end, we can

examine the eigenvalues «, of the Jacobean matrix of the system at each point from Eq.1.17 or the frequencies iQ, = «,
of small free vibrations of the system about each point using Eq.1.15. Here, we consider vector Q =Q, +Q in Eq. 1.15
to derive a linearized equation at point Q, which describes small vibrations of the system about this point.

MQ+[C" +C"(g,)IQ+[K" +K"(q,) + K(q)IQ =F,, K(g,) =T (=500, +—=1,)T. (1)

Ho 10

For an equilibrium point (3), using Eqgs.1.14, 1.16 and 3.1, we obtain the following matrices
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Ko M ? __ZoT_ L RY@y=- _IZ 1+ f, ((nPk) 0l &, Mok, _oT_y
0 mMA?+Q% | i 0 0 QEY (3.2)
E 77(,0)2+f /(n(ﬁ)k) n(ﬁ)n(ﬂ)y I 77(/7)2 n(ﬂ)n(ﬂ)y '
K(q )_ =B ' B, (BN T (ﬁ)zZ ’ ! CN (qo) = 2mc1E1w () 1(ﬁ) T ' (ﬁ)ZZ_ ’
Hy m7n" Yy Y o Yy o m Y

Substituting Eq.3.2 together with the definition of mME,@c,and ¢, given in Eg. 1.11 into Eq. 3.1, we obtain the following
equation describing free vibrations about points (3)
. . 2 2 L] — -
MQ+2f1IQ+AQ =0, A= {m“’ Aomdk iy mik I Ye _},
MK 1Y, MA® +[Q° = (A—-n,)k /1, 1Y

m _OT = m_5E1 @+cn)) TE1561771 772Y_0 .

0 Y+m| QEC, 7,n,Y.  QE@+C,n?)Y
where, we have omitted the superscript () which is used to identify an equilibrium point listed in Table 1. However,
we need to remember that the values of 7, , , and g, are related to (B).

(33)
Q = [al &)Tl M =

Natural vibrations: The natural frequencies of system are governed by the real eigenvalue equations of the system
‘A—ézm‘ ~0,  (A-*M)Q=0, (3.4)
from which we obtained the natural frequencies and corresponding modes of the system in the followmg matrix forms,
dlag(Q ), [Q1 Q, - le YMY =1, WTAY = A2, (3.5)

For points (1) and (2) Wlth (p,=tl,n, = 0), Eq. 3.4 becomes

(M@® - QUm)g, =0, QLY =52, (3.6)
(A2 +[Q2 —K /7, IV - Q22 (Y + )} = 0. (3.7)
There is no coupling between the vibrations in the horizontal and vertical directions. Eq. 3.6 directly gives the natural
frequency fzim in the horizontal direction of the system. However, Eq. 3.7 still needs to be solved by using numerical

methods, which will provide the N natural frequencies éf”’, (1 =23,---,N +1), of the beam affected by the nonlinear
unit, as defined by Eq. 2.10. Because of no coupling in Egs. 3.6 and 3.7, the corresponding mode vector matrix takes

the following form

12

P2 :{V/l Oj} . (3.8)
(VI 4

At points (2,3) of (7, = 0), the stiffness matrix A is not diagonal, and there is a coupling between the horizontal and
vertical directions, so that we need to solve Eq.3.4 numerically for the natural frequencies f)f“’, (1=12,---,N+1), and

the corresponding mode matrix ¥ of the system.

Free vibrations: The damping matrix and stiffness matrix in Eq. 3.3 are non-diagonal, except for points (1, 2) with
n, =0. For convenience of theoretical analysis, we use the mode transformation

Q=¥qQ  Q=[s @] (s-1234) (3.9)
to transform Eq. 3.4 into the following form
Q+2H(ﬁ)Q+A(ﬂ)2Q 0, o® :\F(ﬁ)Tﬁ(ﬂ)\I’(ﬁ)’ (3.10)

in which there is only a damping matrix that is non-diagonal. The frequencies of free vibrations and corresponding
modes are governed by the following complex eigenvalue problem

‘;\(ﬁ)Z F2A0UAP —QP =0, (AY? +2AQPTTY —Q¥21) =0. (3.11)

Since the damping matrix II” is not diagonal, Eq. 3.11 needs to be solved by a numerical method. As an approximation,
we may neglect the non-diagonal terms in the damping matrix to obtain the following approximate complex frequencies

QY ~EPQY + QW J1-EP?, E@ =1 /QY,  (1=12,---,N+1). (3.12)
For points (1,2) in association with Eq. 3.9), Eq. 3.10 reduces to
e = Vi 9T o mC_UEl(1+El) _OT_ v, O: o _ ﬁﬁ'a ~OT
0o v 0 QEY| 0 ¥ 0 m*?J
M4 = MoE,1+¢)pH??, M = QEPET Yyt
As a result of this, Eq.3.11 becomes

(3.13)
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((Qz(“)2 +2IQEATIED — Q®22)g =0, (3.14)
{AZ +2IQT) Q73D =0, AP =diag(Q, ;. ). (3.15)
From these equations, we obtain the corresponding complex frequencies of free vibrations about points (1, 2) as
QY ZIEEIOY £ O I ER?  ERD Z 100 /G0, (3.16)
Q?,z) ~ iél(l'z)éfl’z) iéfl'z) [1_ EI(Lz)z , El(l,z) — l—[ﬁ,z) /éfl,z)’ (| _ 2,"', N +1). (3.17)

The solution for retaining only rigid mode: For an analytical analysis, we retain only the rigid mode of beam, so that
Y,=1 Y=1 m=55 A°=Q?=0, ®=3q,, (3.18)
and thus Eq.3.4 reduces to
HE e {Au RS
0 M q, I, I qz A,y Ay 0, | 9 _ _
I, = Mok, 1+ C1771 ), ME,@Cn,n, = = I:IZl_: QEc, 7,1 ) I, :2QI_'3(1_+ C13); (3.19)
Ay =M’ _(1 Nk Hy o Ay = Ay 771772k/,u0, Ay =Q° —(=n,)K/ 1, .
The two natural frequencies obtained by solving the corresponding Eq. 3.5 are as follows
Qe :{(Xu"'[_\zz) + \/(X11+K22)2 _4(/_\11K22 _Kiz)}/ 2, Xn =A,/m, /_\zz =Nyl M* KlZ = A,/ M. (3.20)
Points (4=12): A,,=0=A,,duetor, =0, we obtain

Q2 =R, =AM, O = A M QPP =R, =N, M, Q8P =AM, (3.21)
which represents the natural frequencies of small vibrations of the system about points (1,2) in the horizontal and
vertical directions, respectively.

Points (5 =2,3): since A,, >0, we have

\/(Kn +K22)2 _4(K11K22 _Xiz) > \/(Kll "'Kzz)2 _4K11K22 = |K11 _Kzz ! (3-22)

so that the solutions Q2 of Eq. 3 20 satisfy the following equation

QP9 <OS{(R,, + Ay~ (R~ A)” }= Min@F?,Q477), (3.23)
Q9 > 08, + ) (R ) 1= M@, ), |
This implies that the lower natural frequency about points (8 = 2,3) is smaller than the lower natural frequency about
points (1,2) but the higher one about points (3 = 2,3) is larger than the higher one about point (1).

Stability: The eigenvalues «, of the Jacobean matrix of Eq.1.17 at a point () are given by

I ié(ﬁ) & —iq», (3.24)
for natural vibrations and free vibrations, respectlvely From Eq.3.12, we obtain the approxmate eigenvalues
(/f) ~ E(ﬁ)Q(ﬂ) +IQ(ﬁ) ,1 E(/J)Z El(ﬂ) H(ﬂ)/Q(ﬂ) (| — -'N +1). (325)

The eigenvalues in Eq.3.25 have only negative real parts which confirm that the system is stable at point(B). The
characteristic of eigenvalues in Eq.3.25 depends on the natural frequency éff” and damping E® which are determined

by Eq.3.4. For majority of engineering systems, there are a real natural frequency éff” and small positive damping
E® <1, so that the free vibrations of the system about point () are stable damped vibrations.

Engineering Applications

Nonlinear suspension system with extreme low supporting frequency for GVT of aircrafts

We consider Fig. 1 as a model for GVT of large full-scale aircrafts. The central mass is considered as the fuselage and
the two beams are the two wings of aircraft. Aircrafts flying in the air are in a free-free state without any mechanical
supports. However, in tests, the aircraft is supported on the ground so that the supporting system must affect its dynamic
characteristics. It has demonstrated that the effect of supporter on the aircraft could be neglected if the frequency Q,,

of an assumed rigid aircraft on the supporter is less than one third of the first elastic natural frequency Q., of the free-
free aircraft [1-2], i.e.

Q,<Q.,/3 (4.1)
For small aircrafts, their first elastic natural frequency is high enough and there is no difficulty to design a supporting
system satisfying Eq. 4.1. However, for very large aircrafts, the first natural frequency is lower than 1Hz. Therefore,

8
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the supporting frequency for GVT should be less than 0.3 Hz. Due to a very large weight of the aircraft, the static
stiffness of supporter have to be sufficiently large. Therefore, it is very difficult to design a supporting system with less
than 0.3Hz supporting frequency for large aircrafts by means of normal supporting designs[1-2]. Non-linear supporting
system discussed in this paper provides an effective approach to design this type of supporting systems.

To support the airplane on the ground, Point (1) or (2) is chosen as the static equilibrium state of aircraft on the ground.
Based on Eq.1.1, A=Y, —L, from which we can choose a suitable height Y, according to the initial length L of the

vertical spring, so that a negative parameter A and the vertical stiffness K are determined by
K=+ /3§)g/|Z, |K = MOK. (4.2)
Because the total mass of the large airplane is huge, the stiffness of the vertical spring is very large. If there are no two

inclined springs, the supporting frequency of the aircraft and the static compression of the vertical spring are required
to satisfy the conditions

0, = JK I+ 75) = (/8| <0u/3  [8]297/0%, (4.3)

A limited space of test site does not allow these conditions to be realized only using linear supporting systems. From
Eq.3.21 and Table 1, we have the natural frequency

Qep =009 = JA-KQ 2/ EE?) 1+ 58)0, Bl =k + KA, (4.4)
Based on Eqgs.1.7 and 1.11, we obtain
A =X, —L)/,  a®? =K, (k/K, +A4,), (4.5)
so that to reduce the supporting frequency in Eq. 4.4, we have to choose point (1) to design the system satisfying

1>kQ?2 /5% >0,k +KA, >0. (4.6)
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Fig.4. Suspension frequency affected by supporting stiffness

This design condition is easily realized. In this design, the nonlinear stiffness term kQ2/z® plays a negative stiffness
in Eq.4.4 to reduce the supporting frequency. Theoretically, from Eq.4.6, we may choose the value of kQ2/z® near
to 1 to realise the standard Q,,, < Q, /3. Eq. 3.19 confirms that for the system with two dampers in Fig. 1, the damping

factors are positive and the system is stable. Therefore, during GVT involving small vibrations of the aircraft about
point (1), any small disturbance of the system from the equilibrium state can be damped. Fig. 4 shows the supporting
frequency affected by stiffness values of two springs.

A rigid supporting platform

Now we consider the system shown in Fig. 1 as a model of laboratory dynamic tests. We wish that the tested beam is
fixed on the “rigid” foundation with an extreme large supporting stiffness. We also choose stable point (1) or (2) as our
static equilibrium state of the system to obtain an extreme high supporting frequency given in Eq. 4.4. From Eq. 4.5, it
is necessary to choose point (2) satisfying

kKQ? /g <0, k +KA, <0. 4.7)
In this design, the nonlinear stiffness term kQ2/z® plays a positive stiffness in Eq.4.4 to increase the supporting

frequency. Theoretically, choosing a very small negative value of |’<‘1 + RlZl satisfying Eq.4.7, we can obtain a sufficient
large supporting frequency to treat the supporting foundation as “rigid”.

Conclusions

This paper has investigated a generalised integrated structure-nonlinear isolator interaction system consisting of a linear
beamlike structure and a geometrical nonlinear isolator, which is able to provide extreme high or low supporting
frequency that is not possible using passive linear isolators. The generalised system can be reduced to several simplified
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systems reported in the available references. The governing equations describing the interaction dynamics are derived,
based on which, equilibria with stabilities and small vibration characteristics about each equilibrium point are discussed
for engineering designs. The coupling mechanisms of the system are revealed. Two designs, one for GVT of large
aircrafts requiring very low supporting frequency and another for vibration tests in laboratories expecting a rigid
foundation, are presented. The proposed coupling nonlinear system and the developed theory have established a
fundamental basis for vibration isolation designs, and further analytical and numerical investigations on its more
complex nonlinear behavior such as bifurcation and chaos which have not discussed in this paper, which is aimed
mainly to coupling analysis and particular suspension designs.
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