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Summary. The movement of a small stiff spherical particle in the stagdvave pressure field in fluid is studied taking into conside
ation the Basset force. The integro-differential equatsosolved using the Krylov-Bogolyubov averaging techniqne the efficient
numerical scheme for the solution of the obtained averaggedjio-differential equation is proposed. The transifrmm "“fast" vari-
ables to "slow" averaged coordinates provided the averpggitle trajectory and its qualitative behavior. It is simothat the Basset
force may play serious role in focusing small particles hyaslound and even may change their focusing position framdgtg wave
nodes to antinodes. The obtained results are investigatdytizally and numerically.

I ntroduction

The problem of particle dynamics in an acoustic wave wadyfilsvestigated in [1]. The averaged forces acting on a
particle were attributed as radiation forces which appesgavas caused by acoustic wave scattering on a particle and
this approach was widely used in many subsequent works. @hdts presented in these works included the particle
compressibility effect and describe well the particle rantin the inviscid fluid. This approach is valid for small vasity
fluids and rather big particles (compared with viscositygigation depth during an acoustic wave oscillation period)

As the most promising applications of the acoustophoresidalogical ones(see for many examples [2]) the size of
manipulated objects may be of the order of microns or smallee viscous effects may play significant role in this case.
The radiation force approach is improved and extended wtipedly all viscosity coefficient values in the ingeniousnk

[3] by using the Prandtl-Schlichting boundary-layer theor

In this work the approach of local forces acting on a partisleised. The particle is considered to be subjected to
gravitational, inertial and viscous forces and the intdoadforce between the particle and the acoustic wave isitztled

as the force acting on particle in the non-stationary fluid/fewound the particle. The Maxey-Riley equation [4] is used
and the gravitational and Saffman forces are neglectediseci their smallness compared to the other forces. It isisho
that the Basset force which corresponds to the nonstatigdithe flow may play significant role in the particle motion
and even change its focusing position from standing wavesitalantinodes.

Particle movement equations

The Basset-Boussinesg-Oseen equation (BBO equationp@stosdescribe the motion of a small spherical particle in
unsteady flow with velocity fiel@(z, ¢) at low Reynolds numbers
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Here p, and p stand for particle and fluid densities,stands for particle radiug, stands for fluid viscosity which we
consider not to depend on density. ByandWW are denoted fluid acceleration along fluid and along thegattiajectory.
The Basset force is used in the form proposed by [5] whichainatthe corrections for nonzero initial particle relative
velocity with the fluid. The inertial force is used in the Ma®iley form [4].
The last two forces are neglected because of their smalimes€l) is divided by(2/3)ma3
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The dimensionless acoustic wave amplitude is denotéd<yl. It is defined as the ratio of maximal fluid velocity in the
wave to the sound speed in the fluid. The dimensionless Vesiab= (w/c)z, 7 = wt and the dimensionless viscosity
parameter = w352b ~ 1 are introducedy stands for the wave angular frequency. The asymptotic gedraquation
for b — 0 is obtained using the Krylov-Bogoliubov averaging techugd6] as described in [7]. The solution comprises

the following steps:
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Figure 1: The asymptotic and the exact numerical solutidriBevintegro-differential BBO equation (light solid line@ dashed line)
and the numerical solution of the same equation without tassBt force (dotted line). The inset shows the magnified gidtte
dependencer; = 3pbt/(2pp, + p) Stands for the "slow" dimensionless time. Part a) illussethe heavy particle behavior and b)
illustrates a light particle for which the Basset force ddegation changes the particle focus point. On both piarts 3 andh = 0.05.

1. The fast motion of particle in standing wave is marked qua lcertain variable change.

2. The system of equations is transformed to standard fortéKrylov-Bogolyubov averaging technique application.
3. The system averaging procedure is applied and the neabkesidepending only on "slow" timey(= 3pb7/(2p,+p))

are introduced.

4. The obtained averaged integro-differential equatiosolyed numerically and compared with the exact numerical
solution of the initial system (2).

The initial and the averaged equations were modeled usirgar-grid numerical scheme for the Basset integral cal-
culation of the third order of precision. As the initial catigns are not defined very well a step variation technique wa
used in order to make much smaller step at the beginning dfrtteegrid.

Results and conclusion

In the Figure 1.a) the trajectory of heavy partiplg/p = 1.5 is modeled fob = 16/3 - 10=%. The trajectory for small

b practically coincides with the asymptotic solutionbat> 0. The initial equation simulation took about eight hours of
one core CPU time and the averaged integro-differentiahguo simulation took only 170 milliseconds using the same
numerical scheme. The ability to compare the results faseheo approaches up to such a big timg.¢ = 60000,
1.2M steps) shows the advantage of our scheme over the one uggaimgre only the small part of the particle trajectory
was calculated.

In the Figure 1.b) is illustrated one of the most interestiegults of the Basset force inclusion. Here the Basset force
changes the particle equilibrium point from pressure nadestinodes. The trajectory of light particie/p = 0.6 is
modeled forb ~ 1.17 - 10~3. The averaged solution describes rather well the solutidhepinitial equation although
value may be a little bit too high value for the exact coinaicke The calculations of the initial equation here took @bou
six hours compared with 50 ms for the averaged equationisolut

Considering the obtained results one may note that theat@vritthreshold for atmospheric pressure is aroured4.4 -
10~ and the typical small parametewalues are much less than used. One may conclude that tHaexbtsymptotics
will describe the particle motion even better at smalland the proposed averaging procedure will be the only pitisgib

to obtain the results in a reasonable computation time @srtie increases proportionalto?).

The proposed technique was used for modeling particle bhehatdifferent particle densities and fluid viscositiehieT
focusing point changes at,/rho = 1. The proposed theory is applicable for the small partickescdbed by the low
Reynolds numbers such as the biological particles in blobgested to the low intensity ultrasound. The proposedtgsu
may be useful in the acoustophoresis method in medicine.
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