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Summary. In this paper, by means of upper and lower solutions, we develop monotone iterative method for the existence of extremal
solutions for coupled system of nonlinear fractional integro-differential equations with advanced arguments. We illustrate this technique
with the help of an example.

Introduction

Fractional calculus is a branch of mathematical analysis, that provides integrals and derivatives of any arbitrary order and
due to their multiple applications in many areas of science and engineering has grown extensively.

The monotone iterative technique based on upper and lower solutions is a powerful tool for proving the existence of
extremal solutions of nonlinear differential problems.

As far as we know, few authors have applied this technique to the system of nonlinear fractional differential equations.

In this study, we consider the existence of extremal solutions for the following system of nonlinear Riemann-Liouville
fractional integro-differential equations with advanced arguments:

(Dx(t)) = f(t, D*x(t), D*y(t), x(t),y(t), D’x(t), Ta(t), Sy(t)),

( Dy(t))' = g(t, D*x(t), D*y(t), x(t), y(t), DPx(t), Tx(t), Sy(t)), 0
“z(0) = 2%, D(0) = y*,

t1 ()]0 =0, 1 y(t)|i=0 =0, 0 < B < a < 1,

where t € J :=[0,7T], f € C(J x R",R),

t T
(Tx)(t):/o k(t, s)x(s)ds, (Sy)(t):/o h(t, s)y(s)ds.

Also k(t,s) € C[D,R*], h(t,s) € C[[0,T]?,R*], D = {(t,s) € R?| 0 < s <t < T} and D% D” are the Riemann-
Liouville fractional derivatives.

Preliminaries

In this section, we present some definitions and results which will be needed later.

Lemma 0.1 The coupled system of nonlinear fractional differential equation (1) is equivalent to the following initial
value problem:

W(t) = f(tu(t),v(t), I*u(t), I%v(t), I*~Pu(t), Tyu(t), Sio(t)),

v ' I%(t), I*Pu(t), Tyu(t), Sv(t)), (2)
0<p<a<l, teJ:=]0,T],
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where

t T
Tyu(t) = / by (b, 5)u(s)ds, Svu(t) = / ho (1, s)o(s)ds,

0

B P (r—s)*  k(t, 7) B T (1 —8)* th(t,T) .
ki(t,s) —/S dr, hi(t,s) _/5 e dr.

Theorem 0.1 Let the following assumptions hold:

o (Hy) There exist (ug, vo), (ag, Bo) € CH(J,R) x C(J,R) such that V't € J satisfying
(uo(t), vo(t)) < (aw(t), Bo(t)), (UO(t) < ap(t), vo(t) < Bo(t)),

(t), ’Uo(t), Ia’LLo(t), Ia’l)()(t), Iaiﬁ'l.llo(t), Tl'Lto(t), Sl’l]()(t)),

’ 3
t, UO(t), Uo(t),[auO(t), Iavo(t),l"_ﬁuo(t), Tluo(t), Slvo(t)), ( )

,0<B<a<l, ted
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and

ah(t) > f(t, a0(t), Bo(t), I%an(t), I Bo(t), I* P oy (t), Trao(t), S18o(t)),

ap(0) > z*, @
186(75) > g(tvao(t)’ﬁ()(t)aIaao(t)aIaﬁo(t)aIa_ﬁao(t>7Tla0(t),Slﬂo(t))>

Bo(0) >y*, 0<p<a<l tel,

e (Hy) There exist constants M, N > 0 such that

ft v, 1%, I, I Bu, Tiu, S1v) — f(t, @, v, %G, I®v, I* P, T1a, S1v)
> _M(u - ﬂ),

where ug < u < u < ag, vg <v< [Vt e J,

g(t,u,v, I%u, 1%, I°=Bu, Tyu, S1v) — g(t, u, v, [%u, [0, [*Pu, Tiu, S17)
2 _N(U - 17)7

where vg <0 < v < o, ug <u< gVt eJ

Then there exist monotone iterative sequences { (t,, v, )}, {(ayn, 8n)} which converge uniformly to the extremal solutions
(ug, v4), (@*, B*) of (2), respectively, where {(un,v,)}, {(an, Bn)} are defined by

t
U (t) = z*e Jo Mds +/ e~ Jo Mdr {f(s, Un—1(8), vn_1(8), [%Up_1(8), [“vy_1(5),
0
Iaiﬁun—1(5)7T1Un—1(5)751071—1(8))

+ Mun_l(s)} ds,

t
vp(t) =y e Jo Nds +/ e~ [ Ndr [g(s,un,l(s),vn,l(s), I*up_1(s), I%p—1(s),
0

Iaiﬁunq(s), Tiun—1(s), Slvn71(5)>

+ Ny, (s)} ds,

t
o (t) = a*e= Ji M5 4 / e M £ (s, @1 (5), Bua (), 101 (), 1 Bua (s),
0

1 fa, 4 (8), Than—1(8),51Pn-1 (s))

+ Man_l(s)} ds,

ot t "t
Bn(t) = y*€7 jO Nds + / e js rar {g (37 an—l(s)v /Bn—l(s)v Iaan—l(s)v Iaﬁn—l(s)?
0
Ia_Ban_l(S), Tlan—l(s)’ Slﬂn—l(s)>
+ NBa-1(s)|ds,

also
(u07UO) S (ulavl) S S (unavn) S S (anaﬁn) S (an—hﬁn—l) S S (040760)-

Main Result

In this section, we prove the existence of extremal solutions of (1).
Let C1_o(J,R) = {u € C(0,T); t:=*u € C(J,R)} and DC;_(J,R) = {u € C1_,(J,R); D € C(J,R)}.
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Theorem 0.2 Assume that:
(Hj ) There exist wg = (w1, w2), 20 = (21, 22) € DC1—_o(J,R)XDC_4(J, R) such that D¥w1 (t) < D*z1(t), D*ws(t) <
D% 25(t) and wo(t), 20(t), are lower and upper solutions of (1),

(D*wy (1)) < f(t, D*w1(t), Dwo(t), wy(t), wa(t), DPw (t), Tw (t), Swa(t)),
Do‘wl(O) < SL'*, tliawl(t”t:o =0,

(D%wsy(t))" < g(t, D¥wy (t), DYwa(t), wr (t), wa(t), DPwy (t), Tw: (), Swa(t)), ©)
Dwy(0) < y*, t1 = (t)]|;=0 =0, 0 < B < a < 1,
and
(D%z1 (1)) > f(t, D21 (), D*22(t), 21 (t), 22(t), DP 21 (t), T21(t), S22(t)),
Dazl(O) > IJ’J*, tlf‘lzl(t)\t:o = O, (6)
(D25(t))" > g(t, D21 (t), D2(t), 21(t), 22(t), DP21 (), T21(t), Sza(t)),
D25(0) > y*, t17%25(t)|4=0 =0, 0 < B < a < 1,
(HY) There exist constants M, N > 0 such that
F(t, Dx(t), Dy(t), x(t), y(t), D x(t), T(t), Sy(t))
—f(t, D3 (t), Dy(t), z(t), y(t), D7z (t), TZ(t), Sy(t)) 7
> —M(D*z(t) — D*Z(t)),
where D%w1 (t) < D*Z(t) < D%x(t) < D%z (t), D*wa(t) < Dy(t) < D*zy(t).
g(t, D*x(t), D*y(1), z(t), y(t), DPa(t), Ta(t), Sy(t))
—y(t, De(t), D°G(t), 2(1), §(t), DP(t), T (t), 55(¢)) ®)
> —N(D*y(t) - D*y(t)),

where D%wa(t) < Dg(t) < D¥y(t) < D¥2(t), D*wi(t) < Dx(t) < D%z (t).

Then there exist monotone iterative sequences {w, = (w},wd)},{z, = (27, 2%7)} which converge uniformly to the
extremal solutions w, = (w1, ,we, ), 2* = (27, z3) of (1), respectively.

Example

In this section, in order to clarify the above-mentioned technique, we consider the following example which is appeared
in the most applied problems in engineering sciences.

(D2a(t)) =

A
—_

t)D%l’(t) -3 +t2)D%y( t) + 2 (y(1))?

Ta( +fgtsm dsffosy s)ds, t € [0,1],

x() (1 DDL0 ()40 o
x(t —|—f0 s)ds, t € [0,1],

t)i=0 =0,

t)|t=0 =0,

+
@‘l‘

Wl M\P—‘[\’)\»—'M“*H‘w
o

(Day(1)) =

S Nl

)
Wl=
8
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o O
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>

where o = %, 8= i. By easy computation, we have M =2, N = 3

Now, take wo(t) = (0,0), zo(t) = (1,1). Itis easy to see that wp, zo are lower and upper solutions of (9) and all the
conditions of theorem (0.2) hold.

Thus there exist iterative sequences {w, = (w},wi)},{z, = (27, 2%)} which converge uniformly to the extremal
solutions w, = (w1, ,w2,), 2* = (2], 25) of (9), respectively.
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