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Summary. We present here a system with collection of random walks relaying a signal in one dimension in the presence of delays.
We are interested in the time for a signal to travel from one end (start) to the other end (finish) of the lined group of random walkers.
The delay is introduced at the point when the signal is transferred from each walker to the next one. It is found that there is an
optimal number of walkers for the signal to travel fastest when delays are present. We discuss implications of this model and associated
behaviors to physical and biological systems.

Introduction

A Random walk is one of the simplest stochastic processes. Yet, it produces remarkably rich behaviors. Also, it has wide
applications and has been studied in mathematics, physics, chemistry and so on[1, 2, 3, 4]. A collection of random walkers
has also gained attentions, investigated under the names of multiple random walks, branching random walks, diffusion
limited aggregations and so on[5, 6, 7, 8].

We will propose and investigate a model with a collection of random walks. Random walkers which are lined and move
in one dimension passes a “message” from one to the next. The message holder can pass it to the next one when they
come in contact. We investigate behaviors during this relaying of the message from the starting walker to the final one.
We further introduce delays in each transfer of the message, and calling our model as “Delayed Random Relay”(DRR).
In this model, each walker is required to hold the message for a certain time period (delay) before it can pass to the next
walker. We will investigate the effect of this inclusion of the delay on the total relaying time.

Delays in dynamics have been studied, particularly with feedback control systems[9, 10]. With delays, even a simple
first order ordinary differential equation can show rather complex behaviors with delays. They have been studied under
the name of “Delay Differential Equations”. By further introducing stochastic elements, “Stochastic Delay Differential
Equations” [11, 12] or “Delayed Random Walks’[13, 14] are proposed and investigated. We can consider DRR we discuss
here as one example of models incorporating stochasticity and delay.

First, we describe our model of relaying by random walkers and incorporation of delays to formulate the DRR. We
investigate the model with a particular focus on how delays affect the total relaying time of the message. It will be shown
by computer simulations that a non-monotonic behavior of the total relaying time as a function of the number of random
walkers emerge with the introduction of delays. We will discuss its relation to “Delayed Stochastic Resonance”[15], and
possible applications.

Relaying by Random Walkers

Let us start with a description of our model without delays. (Figure 1). We consider a one-dimensional line with a periodic
boundary condition (a circle). On the line, there are NV discrete sites on which random walkers hop. We place n simple
symmetric random walkers on these sites. Each random walker, at each unit time, takes a unit step either to his right or
left with the equal probabilities of 1/2.
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Figure 1: A schematic view of relaying by random walkers. We show the case with 10 walkers. The forth walker from the left is
holding a message, which moves to the right.

A message is relayed in one direction by this group of random walkers. When the message holder moves to an adjacent
position, i.e., in contact, to the next walker, the message is passed on. We measure the time, 7', for the message to travel
from the starting random walker to the last walker in the line.

We performed computer simulations of this model with the parameters of N = 100 and varying the number n of walkers
in the relay. For each n, we repeated the simulations for 10000 trials and obtained the average values of this total relaying
time 7" which is plotted as a function of n (Figure 2). We observe a monotonic decrease of 7', meaning that the more
walkers we have in the relay, the faster the message is conveyed.

Delayed Random Relay

Now we extend the basic model in the previous section to include a delay in message passing. When the message is
received from previous walker, it is not immediately transferable to the next walker. There is a time interval, which we
call delay d, for the message to become transferable. One can view this as a requirement for each walker to hold the
message for at least a certain time interval, or as a maturing time for the message becoming ready to move on.
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Figure 2: Total relaying time 7" as a function of the number of walkers n. The right graph is a Log-Log plot of the same data.

Hence, even though a message holding random walker comes in contact with the next walker, he may not be able to pass
the message. Only after the other condition that the delay time has elapsed is also satisfied, the message is passed on.
With this extended model, we also measured the total relaying time 7" as a function of n. A representative result is shown
in Figure 3. Notable feature is that there exists an optimal number of walkers for the fastest relaying of the message.
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Figure 3: Total relaying time 7" as a function of the number of walkers n when there is a delay of d = 64. The right graph is a Log-Log
plot of the same data.

Qualitative Analysis

The existence of the optimal number of walkers in the relay can qualitatively understood as follows. With a large number
of walkers, the average distance between the walkers is small. Thus, the average time of their contacts is short. If the
delay time is longer than this average contact time, the total relaying time is prolonged. When the number of walkers
is small, the delay time is more likely shorter than the average contact time. In this case, the total relaying time is not
affected. The optimal number of walkers to have the shortest relaying time is in between.

We can roughly estimate this optimal number of walkers. The average contact time between the two walkers is roughly the
square of the average distance N/n between the walker. If we set n* as the optimal number of the walkers, the following
relation is obtained.

or

In Figure 3, we see the minimum relaying time occurs at around n ~ 15. The estimation from the above equation is
n* ~ 13. Our preliminary simulation results indicate that this rough estimation is justified to a certain degree with other
parameter values.

Discussion

We have presented a model of relaying a message by random walkers in the presence of delay. The total relaying time
decreases monotonically with increasing number of walkers when there is no delay in passing the message between the
walkers. With delays, however, this monotonicity is broken, and there is an optimal number of walkers for the fastest
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relay passing of the message. Even though, more quantitative analysis is needed, we can qualitatively estimate this
optimal number as a function of the delay.

There have been studies of “Stochastic Resonance”, which is a resonant-like behavior with an optimally tuned level of
noise and oscillatory signals[16, 17, 18, 19]. We can obtain a similar behavior when we replace oscillatory signals by
oscillation due to delay. This is called “Delayed Stochastic Resonance”, and has been studied both theoretically and
experimentally[15, 20, 21]. One may view the DDR as a collective version of Delayed Stochastic Resonance models.

If there is a process, where the transfer of energy (heat, light, and so on) is much longer than known mechanisms, there
is a possibility of delays in the micro-transfer among the basic constitutes. For an example, the sun generates its thermal
energy at its core, but it takes unusually long time for the energy to go through the radiative zone to reach the sun’s surface.
The estimation of this time ranges from 170,000 to 50,000,000 years. The detailed mechanism is still unknown. Though
quite rough, we may be able to estimate the delay in micro-transfer among the particles involved, if we can estimate the
number of particles, or the density of various parts of the sun.

Another area of application is an epidemic spreading with latent periods. By observing spreading speed and number of
infected in a large scale, one may infer the latent periods. Qualitatively similar behavior may arise in rumor spreadings or
passing down of folklore stories.

Acknowledgments

T. O. would like to thank Profs. Y. Nakamura, H. Ohira, and K. Todayama of Nagoya University for discussions and
for their comments. This work was in part supported by research funds from Ohagi Hospital (Hashimoto, Wakayama,
Japan), Grant-in-Aid for Scientific Research from Japan Society for the Promotion of Science No. 16H01175, and No.
16H03360.

References

[1] Bailey, N., Elements of Stochastic Process with applications to the Natural Sciences, Wiley, 1964.
[2] Berg, H. C., Random Walks in Biology, Princeton, 1993.

[3] Van Kampen, N. G., Stochastic Processes in Physics and Chemistry, North-Holland, 1992.

[4] Weiss, G. H., Aspects and Applications of the Random Walk, North-Holland, 1994.

[5] Aldous, D. and Fill, J. A., Reversible Markov Chains and Random Walks on Graphs, (Unfinished monograph available at
http://www.stat.berkeley.edu/ aldous/RWG/book.html), 2002.

[6] Cooper, C., Frieze, A. and Radzik, T., Multiple Random Walks and Interacting Particle Systems, in Automata, Languages and Programming, (Albers,
S., et. al., eds.), 399, Springer, 2009.

[7]1 Shi, Z., Branching Random Walks, Springer, 2015.
[8] Witten, T. A. and Sander, L. M., Diffusion-Limited Aggregation, a Kinetic Critical Phenomenon, Phys. Rev. Lett. 47, 1400, 1981.
[9] Glass, L. and Mackey, M. C., From Clocks to Chaos: The Rhythms of Life, Princeton University Press, Princeton, New Jersey, 1988.

[10]
[11]
[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]

Stepan, G., Retarded dynamical systems: Stability and charactertistic functions Wiley, New York, 1989
Kiichler, U. and Mensch, B., Langevins stochastic differential equation extended by a time—delayed term, Stochastic Stochastic Rep. 40, 23, 1992.

Frank, T. D. and Beek, P. J., Stationary solutions of linear stochastic delay differential equations: Applications to biological systems, Phys. Rev. E
64, 021917, 2001.

Ohira, T. and Milton, J., Delayed random walks, Phys. Rev. E 52, 3277, 1995.

Ohira, T. and Yamane, T., Delayed stochastic systems, Phys. Rev. E 61, 1247, 2000.

Ohira, T. and Sato, Y. Phys. Rev. Lett. 82, 2811, 1999.

Benzi, R., Sutera, A. and Vulpine, A., The mechanism of stochastic resonance, J. Phys. A: Math. Gen., 14, L453, 1981.

Wiesenfeld, K. and Moss, F., Stochastic resonance and the benefits of noise: from ice ages to crayfish and SQUIDs, Nature, 373, 33, 1995.
Bulsara, A. R. and Gammaitoni, L., Tuning in to noise, Physics Today, 49, 39, 1996.

Gammaitoni, L., H¥ "anggi, P., Jung, P., and Marchesoni, F., Stochastic Resonance, Rev. Mod. Phys., 70, 223, 1998.

Tsimring, L. S. and Pikovsky, A. S.,Noise-Induced Dynamics in Bistable Systems with Delay, Phys. Rev. Lett. 87, 250602, 2001.

Misono, M., Todo, T. and Miyakawa, K., Coherence Resonance in a Schmitt-Trigger Inverter with Delayed Feedback, J. Phys. Soc. Jan, 78, 014802,
2009.



